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Abstract

Training an energy-based model (EBM), and in particular a Denoising Thermodynamic
Model (DTM) on a thermodynamic sampler, hinges on the recoverability of the negative-phase
gradient from a finite Markov-chain Monte Carlo (MCMC) estimate. We study the squared
gradient signal-to-noise ratio Qop := ||g|>/E||g — g||?, whose collapse below O(1) is the training
plateau observed in practice. We make three contributions, each grounded in controlled exact-
diagonalization and at-scale experiments. First, the textbook predictor built on the spectral gap
v =1 — 09 is the wrong object: under a Z, spin-flip symmetry the slowest mode is observable-
orthogonal to the even gradient observables (measured overlap < 3.5 x 107!7 for an RBM,
~ 1072* to 1072 for Ising), so a single-y ratio over-predicts Qop by 1026 to 103° — a divide-
by-symmetry-zero, repaired by an L?(mg) function-subspace projection rather than state-space
conditioning. Second, we define the observable-projected, multi-mode predictor Q¢ via an
observable-relevant mode set, an aggregate timescale, and a harmonic-mean effective gap; it
tracks Qop in 45/48 controlled cells and in 92-99% of cells across model sizes m = 4 to 16
under two kernels. Third, we expose an A2<>A6 obstruction: the reversibility the factorization
requires antagonizes the mixing it needs, manifesting as an effective-gap collapse (~ 100x),
a dead-linear 7 < L autocorrelation growth at scale, and a thermodynamic-length cost wall
(136 rungs needed against a 96-rung budget). We preserve a strict claim-status discipline: a
conditional factorization is [solid], the operational claim stays , and the obstruction’s
fundamentality remains open.

1 Introduction and setup

A Denoising Thermodynamic Model (DTM) [7] stacks reverse-process energy-based layers, each
sampled by a thermodynamic Gibbs kernel. Training one layer reduces to the classical restricted-
Boltzmann-machine (RBM) maximum-likelihood problem [1]: the gradient of the log-likelihood is a
difference of a data-phase and a model-phase expectation, and the model phase must be estimated
by MCMC. Both contrastive divergence [1] and its persistent variant [2] replace the intractable
equilibrium model phase by a short-chain surrogate, and the practical pain — the part that controls
whether training descends at all — lives in how well that finite chain has mixed. The DTM paper
diagnoses this with the negative-phase autocorrelation and a plateau in generation quality [7]. The
question this paper formalizes and measures is: which spectral quantity predicts that plateau, and
can it ever be reached on the reversible sampler the analysis requires?
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1.1 The model and the gradient

Take one reverse-process EBM layer with energy Ey on configurations € {—1,+1}"V, model law

e—Eg(LL‘)

mo(x) = 7o (1)

sampled by a myp-reversible Gibbs kernel Py. For a parameter a write the per-parameter observable
fa(x) := 04 Eg(x). The training-gradient component is the data—model difference

Ga ‘= Edata[fa] - Eﬂ'e [faL (2)

the descendant of the RBM identity (sis;)data — (5i5j)model of Hinton [1], here with f, = 0y, B9 =
—x;x; for a pairwise coupling. The data phase is cheap; all the mizing cost is in the model (negative)
phase.

1.2 The canonical estimator and the quantity ()

We estimate the model phase with a burn-in B plus a time-average window K: run Py from a start
law g, discard the first B steps, and average f, over the next K,

B+K

fa = % Z fa(x[]])a Ja = Edata[fa] — fa- (3)

Jj=B+1

Pinning B and K separately keeps the bias and variance legs describing the same estimator. The
object we predict is the squared gradient signal-to-noise ratio:

2
Qop = _gl” (true-gradient power/estimator MSE). (4)

_ Elg—gl?

When Qo > 1 the estimated direction is reliable and SGD descends; when Qo < 1 the estimator
MSE swamps the signal — the training plateau. This is an estimation plateau (the recoverabil-
ity of g collapses), not a signal-extinction plateau (the true gradient itself does not vanish). The
distinction from the quantum barren plateau is taken up in Section 5.

1.3 Spectral ingredients

For the reversible kernel Py, standard reversible-MCMC theory [4] gives a real L?(mg)-orthonormal
eigenbasis 1 = 1, p9, ... with eigenvalues 1 =01 > 09 > --- > g4 > 0 and spectral gap v := 1 —0s.
Expand each observable f, = Zj fa,jgpj with fa,j := (fa»j)=, and define the slow-mode weight
We, 1= f32 / Varz[fs] € [0,1]. Then for the B 4+ K estimator the bias decays geometrically in B and
the window-K variance scales as [4, 3]

Elfa] — Ex[fa] < (1 - ’Y)B ma fa,2, Var([g,] ~ ?;;g Varz[fa], (5)

where 72 is the overlap of the initial error with 9. The effective sample size is ESS, ~ vK/(2w,),
scaling as vK. The variance leg’s constant 2w, is a single-isolated-slow-mode refinement of the
worst-case Levin—Peres constant; it presumes one observable-relevant slow mode. Section 2 shows
that presumption fails — both mis-anchored and insufficient.



In the mixed regime (burn-in adequate, K large) the historical conjecture was that Qo factorizes

lgll®
Yo Wa Varz(fa]’

i.e. Qop = Qstruct = ESS x (signal-to-slow-fluctuation ratio). This is computable from the kernel
spectrum without training to convergence, and differentiable in the couplings J. We now show that
Eq. (6), as written, is mis-specified.

as
K

Qstruct(g,K) = 5 R(G), R(G) =

(6)

2 Result 1: the spectral gap is the wrong object

2.1 The divide-by-symmetry-zero

For the canonical b = 0 pairwise-Ising and RBM energies the model possesses a global Zs spin-flip
symmetry x ~— —z. The Hilbert space L?(mg) then splits into parity sectors H = H™ @ H™,
with even functions {f : f(—z) = f(x)} and odd functions. The pairwise gradient observables
fij = —wxxj are even, since fij(—x) = —(—x;)(—x;) = —x;z; = fij(x). The slowest non-trivial
mode 9, by contrast, is odd.

Proposition 1 (Observable orthogonality). If mg and Py are Zo-invariant and f, € HT, then
faj = (fa,pj)x = 0 for every odd eigenfunction p; € H~. In particular the odd slowest mode
satisfies fa72 =0 exactly.

Proof. The integrand f, - ¢; is odd under z — —x (even times odd), and my is even, so the sum
over the £z pairs cancels identically. The proof is the isotypic decomposition of L?(my) under the
Zo unitary (Usf)(z) = f(—x), which commutes with Py by equivariance; see [14]. O

The consequence is fatal for Eq. (6). The denominator of R(0) is >, w, Varz[fa] = >, fiQ,
which is ezactly zero when (o is observable-orthogonal: R is ill-defined, a divide-by-symmetry-zero
rather than a finite mis-estimate. Empirically, the slowest-mode observable overlap >, ng sits at
machine zero — measured at < 3.5 x 1077 for an RBM under both single-site and block-Gibbs
kernels [9], and at ~ 2 x 1072 (weak coupling) to ~ 6 x 1072* (strong coupling) for the Ising
family [8], with an independent exact-diagonalization check measuring ~ 1072 to 10723 on the
bipartite RBM [10]. With this floor the single-y predictor over-predicts Qop by

Qstruct/Qop ~ 107 to 10* (7)

in every cluster cell tested (exact-diagonalization, N < 14 controlled families) [8]. The naive single-
v predictor anchored to o tracks Qop (median ratio in [1,3]) in 0 of 48 symmetric (b = 0) cells [8].
When the symmetry is broken (b # 0) the naive predictor becomes well-defined and over-predicts by
a finite ~ 8 to 9% in cluster cells — the clean, finite mechanism the original conjecture envisioned,

recovered only once the divide-by-zero is removed.

2.2 The fix is an L?(7)-projection, not state-space conditioning

The repair is a function-subspace projection, not a restriction of the chain to a sub-region of state
space. Let C*(0) :={j >2:), ffj > ey, Vary[f,]} be the observable-relevant mode set, and
¢ the L?(my)-orthogonal projection onto Vi := @jec*(o) span(¢;). We have proved the following,
in the regime A1-A4 plus a symmetry-compatibility assumption [14].



Theorem 1 (Projection # conditioning; [proven-here| for Ol.c). Il is an orthogonal projection
in H = L?(mp), with >, |Hcfal2 =3, > jecr (o) ffj It is not the operator of conditioning 7y on
any state-space event: if Vo equalled a support subspace Hg = {f : supp f C S}, then S and S¢
would both be absorbing, contradicting irreducibility for any nontrivial S. Moreover the stationary
signal-to-noise objects (To, Vary, Tins, ||g||?, hence Qg uet) are invariant to the choice between the

H -projection form and a fundamental-domain quotient, and the H-form is canonical.

A Zs “even sector” is doubly malformed as a conditioning event: H* is a function-parity sector,
not a support subspace, and the free flip x — —x has no fixed point, so “even configurations” is not
even a well-defined set. The slow odd mode is therefore annihilated by L?(y)-orthogonality, not
by any conditioning. The Ol.c invariance — that the stationary predictor is unchanged whether
one projects in function space or runs a fundamental-domain quotient chain — is the load-bearing
new lemma, and is the first [proven-here| result in this program [14]. The empirical overlaps at
machine zero corroborate the projection mechanism, but the fundamental-domain comparison was
never run as a chain, so the invariance rests on the written proof, never on a [not validated| flip.

L

3 Result 2: the observable-projected predictor Qg .

3.1 Construction

We replace each ingredient of Eq. (6) by its observable-projected, multi-mode form.

Definition 1 (Observable-relevant ingredients). With uc =5, Zjec*((’)) fij the cluster overlap
mass, define

(1) mode set: C*(O) = {j >2:3 . fgj >ed, Varw[fa]}, (8)
(2) aggregate timescale: Tp := za: Tint[fa] Varz[fa] = za: ; ffj 2(11taajj), (9)

e,
Y0 Djecr (o) fai/ (1= 0j)

where Ty uses the half-Sokal convention and ~eg is the overlap-weighted harmonic mean of the
cluster gaps {1 — 0;}. The corrected predictor and claim are

(10)

(3) effective gap: et :=

K ||9||2 TVeft ||9||2
1 e K

0 K)i=— " = R, R =
( 9 ) 2 10 2 eff | eff o 5

s ~ L
struct claim: Qop ~ Qgtruct- (11)

The aggregate timescale Ty is exactly the half-aggregate MCMC-CLT asymptotic variance of
the gradient observables in the sense of Younes [3]|, and it is directly measurable at scale from
the autocorrelation of f, (which, being even, already projects onto C*(Q)). The harmonic-mean
reduction is exact: using (1+ 0;)/(2(1 — 0;)) = 1/(1 — 0;) — 3, the cluster term satisfies T§ =
(e /Vett)(1 — Yerr/2), which in the plateau regime ~eg — 0 collapses to pc /et - (1 +0(1)); a single
isolated relevant mode recovers Yeg = 1 — 0= [15]. The predictor remains computable without
training to convergence and differentiable in J (given a smooth surrogate for the C*(O)-selection),
and 7eg is smoother than oy across within-cluster eigenvalue crossings [15].



3.2 Tracking evidence

Exact diagonalization (expl). [8] On N < 14 controlled Ising/Hopfield families with the chain
estimator validated against exact bias-plus-window MSE to within 0.7 to 3.3%, a single observable-
relevant gap tracks Qop in 23/48 symmetric cells, while the multi-mode cluster correction of Eq. (11)
tracks in 45/48. Both fixes — the projection and the multi-mode aggregation — are therefore
necessary; one without the other fails.

At scale, two kernels (exp2). [9] On bipartite RBMs the observable-relevant Qg tracks
Qop 1n 92 to 99% of cells at every size m € {4,6,8,12,16}, including m > 8 beyond the spectrum-
overlap regime, under both single-site and 2-block-Gibbs kernels — it extrapolates. The MC
pipeline reproduces the exact joint-eigendecomposition timescale to a median 2.2% relative error,
and an independent install of the Extropic thrml library [7] reproduces the self-contained sampler’s
integrated autocorrelation to 1.4%. By contrast the naive odd-scalar diagnostic (the un-projected
autocorrelation 7y, of a symmetry-odd scalar such as the magnetization) tracks 90% of cells when
Tint[0dd]/Ting[f] < 1.5 but only 14% when that ratio exceeds 2.5 — it fails precisely in the symmetry-
separated regime, the at-scale analog of the Result-1 wrong-mode failure. This sharpens a practical
warning: the DTM autocorrelation diagnostic predicts the gradient SNR only when measured on
the even gradient observables.

3.3 Claim status: conditional [solid] versus operational

We are careful to state two distinct claims with two distinct statuses.

Theorem 2 (Conditional factorization; [solid]). In the regime A1-A8 plus the plateau condition
Yet — 0 plus the positive-phase-subdominance condition F/,

QOP = Qsltruct (1 + 0(1)) (12)

This is a written assembly over siz obligations: Ol.c (projection invariance, [proven-here]) and
02-06 (each [solid], textbook reversible-MCMC and spectral algebra closing to [4, 3]).

The assembly is: O2 grounds Ty as the MCMC-CLT asymptotic variance; O3 shows the finite-
B bias is O(1/ESS)-subdominant (so the binding gate is K > 7, not burn-in); O4 proves the
projection commutes with the dynamics, [[Ic, Py] = 0; O5 reduces Ty to the harmonic-mean
Yett [15]; O6 closes the Euclidean aggregation E||§ — g||2 = tr(2) + ||b]|2, the off-diagonal covariance
being trace-invisible.

Remark 1 (The operational claim stays ). The unconditional statement “Qop ~ Quruct

on a real DTM at the K one runs” is . It is gated on two regime preconditions that
are open at scale: A7 (the observable-overlapping bulk relaxes at an Q(1) rate) and K > 7. The
conditional theorem is vacuous on the plateau of a real DTM until those gates are met. Supporting
evidence for the operational direction is therefore construction-confirmation on small and moderate
controlled models (expl, exp2), not [not validated] validation; neither tier is validated.

4 Result 3: the reversibility—mixing obstruction

The factorization needs m-reversibility (assumption A2) for the spectral machinery and K >> 7y
(assumption AG) for the window. These are logically independent — nothing forbids a reversible
kernel that also mixes fast — yet we find them operationally antagonistic exactly in the multimodal
plateau regime the theorem is about. We document the antagonism at three scales.



4.1 Mechanism: effective-gap collapse on a controlled family (exp5)

On a controlled bipartite-RBM family with v.g¢ and 7,y computed exactly from the spectrum and
resolvent (no chain, hence no possible burn-in artifact), the reversible kernel’s observable-relevant
gap collapses 1 to 2 orders of magnitude as planted multimodality M turns on [10]. Representative
values at § = 3:

Yef (M=1) = 0.648 — ~eg(M=2) = 0.006, a ~ 100 x collapse, (13)

with the raw observable gap 7, collapsing identically (0.577 — 0.006), confirming the effect is
physical and not a clustering artifact. Being exact-from-spectrum, the collapse cannot be a burn-in
artifact; it favors the reading that the plateau is a genuine v.g — 0 effect. Separately, a cross-kernel
test shows that reversibilization itself adds a mixing penalty that grows with multimodality: the
reversible symmetrization Py = %(wad + Pf 4) is slower than the non-reversible Pryq in 16/16
cells (integrated-autocorrelation ratio 1.001 to 1.284, monotone increasing in M, resolvent-derived
with a 6 x 1074 exact-diagonalization cross-check). The honest ceiling: at this small scale the
antagonism is bounded — 7o bottoms at ~ 0.006 (not 0), the window sweet spot stays marginally
open (ESS at K = 1000 is &~ 3), and the reversibility penalty is 1 to 28% (not unbounded). So
expd is mechanism-confirming, not a proof that the trained DTM sits at the same depth.

4.2 At scale: 7 « L never equilibrates (exp4, exp6)

On the real 60x12 MNIST DTM single-input conditional, with the A2-required reversible kernel
(forward /reverse symmetrized 4-block Gibbs, self-adjointness-gated), the integrated autocorrelation
time does not stabilize: a non-circular doubling-stability probe finds mynax growing dead-linearly in
the trajectory length L (Table 1). The ratio 7/L ~ 0.16 is essentially constant over six doublings,
so the autocorrelation function never decays within the window: the integrated 7, accumulates as
fast as data is added, signalling a near-zero gap or an effectively non-equilibrating chain [11]. The
doubling-stability criterion is never met, 7 is UNRESOLVED, and the 2 50 7 windows the analysis
needs are uninstantiable: A6 (K >> 7iy) is unreachable at this checkpoint.

L (sweeps)  Tmax T/L
1,000 166.7 0.167
2,000 333.2 0.167
4,000 662.6 0.166
8,000 1,325 0.166

16,000 2,431 0.152
32,000 5,280 0.165

Table 1: Reversible-kernel autocorrelation does not stabilize: Tmax o L on the trained 60x12
MNIST DTM (¢ = 200 checkpoint), 7/L ~ 0.16 over six doublings [11].

An earlier-checkpoint sweep [12] over ¢ € {25,50,100,200} (one cumulative trajectory, prove-
nance proven by opt_count = ¢ x 61 and probe-RNG isolation) finds the same 7 o< L (7/L ~ 0.13 to
0.17 out to L = 64,000) at ¢ € {50, 100,200}, with t = 200 reproducing exp4. A single sub-tolerance
step at ¢ = 25 rule-resolved a finite 7 ~ 2094, but the audit finds this a fragile artifact (probed
one doubling shorter than the others), so the conservative reading is “slow from the start”: the
antagonism is present from very early training, not only at convergence. Even taken at face value,
the only finite-7 checkpoint is the least-trained, barely-useful model, and its 507 ~ 1.05 x 10°
window underscores an A6-versus-utility tension.



4.3 The thermodynamic-length cost wall (exp19)

A natural escape is to accelerate the reversible negative phase with parallel tempering. We tested
an equal-acceptance reversible-PT ladder on the same trained ¢ = 200 DTM [13]. A hotter top does
cure the decorrelation — a temperature effect, not a local-kernel non-ergodicity — with the single-
replica reversible kernel reaching 7 < 25 only at the deep top temperature af,, = 0.02 (1 =15.8;
at a = 0.03 already 7 = 79). But the cost of a single-span equal-acceptance ladder is set by the
thermodynamic length between the free-mixing hot regime and the cold target,

5f; VC da
R*(atop) = 1 + round “’3—* : &% = 1.683. (14)

At the cheapest decorrelating span [0.02,1.0] the length is § [ VC ~ 227.5, requiring R* = 136
reversible rungs against a budget of Ryax = 96. The two frontiers do not overlap: decorrelation
requires ayop < 0.02, tractability requires ouop 2 0.25 (R*(0.25) = 94), and no top temperature
satisfies both. The gap between the temperature you need to decorrelate and the temperature at
which a tractable ladder exists is the obstruction. This is a feasibility stop, config-scoped to this
kernel and landscape; because R* is a Gaussian-overlap lower bound for a multimodal target, the

true rung count could be higher still.

4.4 The A2+ A6 antagonism, framed

The theory leg is one-step algebra over the [solid]| identity Tg = (o /et) (1 — Vet /2) — 00 as
Yeff — 0: as the gap collapses (deep plateau), the window A6 demands diverges as K > 1/v.g. The
mechanism leg (exp5) makes the collapse and the reversibility penalty a measured fact. The scale
leg (exp4, exp6, expl9) shows the consequence at DTM scale is unreachable A6. Net: satisfying the
theorem’s reversibility assumption A2 tends to push the sampler toward the slow-mixing plateau
where the operational gate A6 is hardest. The fundamentality of this obstruction — whether
it is a deep impossibility for multimodal reversible kernels or a deep-checkpoint, scale-
dependent effect — is OPEN. The small-scale evidence (bounded antagonism, escapable sweet
spot) and the at-scale evidence (7 o L, 136-rung wall) are complementary, not contradictory;
whether small-family escapability survives to DTM scale is exactly the open question.

5 Discussion

What is and is not established. Result 1 is established: the single-y predictor is mis-anchored
under symmetry, and the repair is an L?(my)-projection, with O1l.c [proven-here] and the orthogo-
nality empirically at machine zero. Result 2’s conditional factorization is [solid| (a written O1-O6
assembly), and the predictor tracks Qop on small and moderate controlled models; but the op-
erational claim stays , gated on A7 and K > 7y, and is [not validated|. Result 3’s
antagonism is a measured mechanism at small scale and an unreachable A6 at DTM scale, but its
fundamentality is OPEN. We have flipped nothing to validated; terminal status is conferred only
on the basis of a written proof (Ol.c) or a pre-registered at-scale run that meets its preconditions
(not yet achieved).

Relation to quantum barren plateaus. The phenomenology — a squared-SNR collapse that
stalls training — is shared with the quantum barren-plateau literature [5, 6], and the three-factor
structure of trainability (v — 0, R — 0, budget starvation) maps factor-by-factor onto the quantum



picture (v <> 1/dimg, R < purity products). But the mechanism differs. In the barren plateau
the true gradient variance itself vanishes exponentially — signal extinction. Here the true gradient
g does not vanish; what collapses is its recoverability from a finite chain — an estimation plateau.
The mapping is a shape analogy, not a literal transfer: one extinguishes the signal, the other defeats
the estimator.

Implications for thermodynamic computing. The reversible kernel is precisely the one the
analysis requires and the one that mixes slowest on the trained DTM. Two routes remain open.
A sampler route — switching to hierarchical PT, simulated tempering, or population annealing to
amortize the 136-rung length differently — risks breaking the reversibility A2 the theorem needs,
trading a mixing problem for a theorem problem. A measurement route — a Tiy-robust estimator
of Qop that validates the operational claim without a fast-mixing kernel — fixes the measurement
rather than the sampler. Either way, the diagnostic these results most strongly support is using
the projected predictor Q.. on the gradient observables before training, rather than diagnosing
the autocorrelation after the fact.

Scope. All positive statements are scoped: “on controlled small-N planted or random families”
(expl, expb), “on small-to-moderate RBMs under block-Gibbs” (exp2), and “on this 60x12 MNIST
DTM, seed 0, single-input conditional, with this reversible kernel” (exp4, exp6, expl9). None is
“validated for DTM training.”
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